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Abstract
Three-dimensional liquid droplet resting on micro-structured pillar surface is simulated with lattice Boltzmann method incorporat-
ing the Cahn-Hilliard equation. This is based on the two-phase model of Zheng et al. [14] combined with partial wetting boundary
condition of Briant et al. [12]. Two Simulations are conducted with the same area fractions but diﬀerent pillar heights, i.e. surface
roughness, which is shown to have minor influence on the apparent contact angles at the Cassie state investigated. The predicted
apparent contact angles are contrasted with measurements. Predictions show lower apparent contact angles and the deviations are
around 10%. This might be due to the inadequate treatment of wetting boundary condition of the pillar surface, and this is deserved
to be further studied.
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1. Introduction
Multi-phase flows have many industrial applications, for example in bio-chip [1] and electro wetting based tunable
micro lens system [2]. The correct simulation of these devices depend on numerical technique’s capability to tackle
high phase density ratio and also wetting boundary. Considerable success in simulating hydrodynamic problems has
been achieved using Lattice Boltzmann method (LBM)[3–9]. However, for multi-phase flows, the above mentioned
issues are still actively pursued[10–15].
Here, a three-dimensional LBM methodology[15] is adopted to simulate liquid droplet resting on micro-structures
surface at diﬀerent roughness. This is based on the high density model of Zheng et al. [14] combined with partial
wetting boundary method of Briant et al.[12]. Water droplet rests on hydrophobic surfaces exhibits a high contact
angle, and surface hydrophobicity can be further enhanced by the presence of surface roughness, which can be created
by micro geometric structure on surface. The simulated contact angles are contrasted with the theoretical predictions
and experimental results [16] to examine its capability.
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2. Lattice Boltzmann method
To describe the binary fluids and the interface between them, the free energy function is chosen as [17]
Φ =
∫
{ψ(φ) + κ
2
(∇φ)2 + n ln n3 }dV, (1)
where n = (ρH + ρL)/2, φ = (ρH − ρL)/2, and κ is a coeﬃcient which is related to the surface tension and the thickness
of the interface layer. ρH and ρL are the densities of high and low density fluids, respectively. The bulk free energy
density ψ(φ) is chosen as a double-well form [17],
ψ(φ) = A(φ2 − φ∗2)2, (2)
where A is an amplitude parameter to control the interaction energy between the two phases and φ∗ is related to the
density diﬀerence in equilibrium. This form represents two equilibrium states, φ∗ and −φ∗ when the bulk free energy
density is zero.
Thus, the chemical potential μφ depending on the free energy function, can be derived as,
μφ ≡
∂Φ
∂φ
= A(4φ3 − 4φ∗2φ) − κ∇2φ. (3)
The surface tension σ and the interface width W are related to the A and κ, i.e. A = 3σ/(4Wφ∗4) and κ =
3Wσ/(8φ∗2).
For the present binary fluid, the the Cahn-Hilliard equation is used to capture the interface of binary fluid,
∂φ
∂t
+ ∇ · (φu) = θM∇2μφ, (4)
where θM is mobility.
To Solve the multiphase fluid flow, two particle distribution function, fi and gi, are introduced in the Lattice
Boltzmann equations [14,18]
fi(x + eiΔt, t + Δt) − fi(x, t) = − 1
τn
(
fi(x, t) − f eqi (x, t)
)
+ F fi , (5)
gi(x + eiΔt, t + Δt) − gi(x, t) = − 1
τφ
(
gi(x, t) − geqi (x, t)
)
+(1 − q)
(
gi(x + eiΔt, t) − gi(x, t)
)
, (6)
and, F fi is defined as [19]
F fi = (1 −
1
2τn
)wi
c2s
[
(ei − u) + ei · u
c2s
ei
]
· (μφ∇φ + Fb)Δt, (7)
where fi is used to calculate the velocity u, and gi is used to calculate the order parameter φ. The relaxation time τn is
related to viscosity and q = 1/(τφ + 0.5) [14] in eq. (6) [18] would ensure the correct recovery of eq. (4).
The distribution functions satisfy the conservation laws as,
n =
∑
fi, nu =
∑
fiei + Δt2 (μφ∇φ + Fb), φ =
∑
gi. (8)
By minimizing the surface free energy [12], the contact angle can be related to the gradient of the surface order
parameter, i.e.,
cos θw =
(1 + ω˜)3/2 − (1 − ω˜)3/2
2
, (9)
where ω˜ = ω/(√2κA(φ∗)2), and
−ω − κ(dφdz )w = 0, (10)
where −ω = dΦdφwall and (
dφ
dz )wall = limz→0 dφdz . Therefore, the above equation can be used to deal with the gradient of the
order parameter in the equilibrium distribution function as suggested by Briant et al. [12].
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(a) 3D view of droplet, r=2.32 (b) Apparent contact angle
Fig. 1. Liquid droplet on pillar structured surface-3D view and predicted apparent contact angles.
3. Numerical Results
Here, simulations of a liquid droplet resting on pillar structured surface are presented. The predicted contact angles
are contrasted with measurements[16] and theoretical results based Cassie-Baxter theory[20]. The geometry of the
pillar structure is shown in Fig. 1, where the pillar is regularly spaced. The surface roughness (r) and area fraction (f)
are defined as,
r =
4ah+(a+b)2
(a+b)2 , f = a
2
(a+b)2 (11)
which describes the fraction of actual area of rough surface and the geometric projected area. a, b, and h are pillar
width, pillar spacing, and pillar height, respectively.
The settings of two simulations are shown in Table 1, where D˜ = D
a+b and Bo =
Δρ gL2
σ
. It is clear that geometric
and physical conditions are in line with the experiments[16], where water droplets were spread on pillar and groove
structures on a silicon wafer (flat contact angle θw is 114◦). Area fractions for cases 1 and 2 are the same, and they
diﬀer only on their pillar heights.
In the simulations, the lattice size adopted is 170 × 170 × 180. No-slip boundary conditions are applied at top
and bottom boundaries, and periodic boundary conditions are applied at the other four boundaries. Other simulations
parameters are: droplet radius (R = 62 lattice units), surface tension (σ = 0.1), interface width (W = 6 lattice units),
mobility coeﬃcient (Γ = 3000). Also, the pillar heights in cases 1 and 2 are respectively at 15 and 28 lattice units.
Table 1. The parameters of experiment and simulation
Experiment 1 Simulation 1 Experiment 2 Simulation 2
a-b-h 50-100-150 μm 5-10-15 unit 50-100-282 μm 5-10-28 unit
D 0.00124 m 124 unit 0.00124 m 124 unit
f 0.1111 0.1111 0.1111 0.1111
r 2.32 2.32 3.51 3.51
Bo 0.2069 0.2069 0.2069 0.2069 1
D˜ 8.27 8.27 8.27 8.27
Fig. 1 shows the predicted apparent contact angles in response to the changes of the micro-structured surface.
Since the present setting locates in the Cassie state, and according to the Cassie-Baxter model [20], the apparent
contact angle should be at θCB = 159◦. This is somewhat higher than the measurements, which are around 151 to 153◦
for r=2.32 and 3.51. These are certainly diﬀerent from the original flat contact angle (114◦). Predictions, however,
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show much lower apparent contact angles and the deviations are around 15◦. This might be due to the inadequate
treatment of wetting boundary condition of the pillar surface, and this is deserved to be further studied.
4. Conclusion
Three-dimensional liquid droplet resting on micro-structured pillar surface is simulated with lattice Boltzmann
method incorporating the Cahn-Hilliard equation. This is based on the two-phase model of Zheng et al. [14] combined
with partial wetting boundary condition of Briant et al. [12]. Two Simulations are conducted with the same area
fractions but diﬀerent pillar heights, i.e. surface roughness. Since the liquid droplet is in the Cassie state, the variations
of the apparent contact angle is small. According to the Cassie-Baxter model [20], the apparent contact angle is at
θCB = 159◦. This is somewhat higher than the measurements, which are around 151 to 153◦ for r=2.32 and 3.51.
Predictions, however, show much lower apparent contact angles and the deviations are around 15◦. This might be
due to the inadequate treatment of wetting boundary condition of the pillar surface, and this is deserved to be further
studied.
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